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Abstract 

It is shown that the dimensional reduction of the Nt — 2, D — 3 Blau-Thompson model 
to D = 2, i.e., the novel topological twist of N = 8, D = 2 super- Yang-Mills theory, 
provides an example of a Hodge-type cohomological theory. In that theory the generators of 
the topological shift, co-shift and gauge symmetry, (Q a , *Q a , G), together with a discrete 
duality operation are completely analogous to the de Rham cohomology operators (d, 5, A) 
and the Hodge ^-operation. 
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1. Introduction 



> 
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Some very enlightening attemps Q — @ have been made to incorporate into the gauge-fixing 
procedure of general gauge theories besides the basic ingredience of BRST cohomology Q also 
a co-BRST cohomology *Q which, together with the BRST Laplacian A, form the same kind 
of superalgebra as their counterparts, the de Rham cohomology operators d, 5 = ± * d* and 
A = dS + 5d, in differential geometry Q, namely, 
P-i. 

Q 2 = 0, *Q 2 = 0, *Q = ±*Q*, 



[A, Q] = 0, [A, *Q] =0, A = {Q, *Q} jt 0. 



^ . In Ref. § it has been proven that whenever the ghost-extended quantum state space H { 



cxt 



possesses a non-degenerate inner product, which is also non-degenerated upon restriction to 
the image of Q,Im Q, it allows the following complete and orthogonal Hodge decomposition: 

iT ext = Ker A + ImQ + Im*Q. 

In terms of quantum state vectors, this decomposition theorem asserts that an arbitrary state 
V> € H cxt can be uniquely decomposed into a sum of a BRST exact, a co-BRST exact and a 
BRST harmonic state, 

iP = uj + Qx + *Q(f), Auj = ^ Quj = 0, *Quj = 0. 

The physical properties of ^ lie entirely within the BRST harmonic state u which is given by the 
zero modes of the operator A. In proving the consistency of the BRST quantization procedure 
the essential difficulty consists in showing that the BRST cohomology defines physical (BRST 
singlet) states V'phys £ -^phys = KerQ/ImQ, which are taken to be BRST-closed but not exact. 
Usually, in order to select from H cxt the physical state space H p h ys , one imposes the BRST 
gauge condition Qi\) = [1C] - [12]. However, on the class of BRST-closed states ip = uj + Qx, 
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which satisfy this condition, besides the harmonic states uj there exists also a set of spurios 
BRST-exact states, Qx, which have zero physical norm. On the other hand, by imposing the 
co-BRST gauge condition, *QV = 0, as well one gets for each BRST cohomology class the 
uniquely determined harmonic states, ip = uj. 

It has been a long-standing problem to give a prototype example of the BRST gauge-fixing 
procedure based on harmonic gauges for a field theoretical model. Recently, it has been shown 
that the D = 2 Maxwell theory can be formulated as being a topological field theory of Witten 
type with underlying symmetries being of Schwarz type |l3}| . This topological theory provides 
an example of a Hodge-type cohomological theory where, not only all the de Rham cohomology 
operators (d, 5, A) are expressed in terms of generators of some local symmetries, but even an 
analogue of the Hodge duality (*) operation exists as discrete symmetry of that theory. On 
the other hand, pure D = 2 Yang-Mills theory does not such a nice structure, because in that 
theory there is no discrete symmetry inter-relating the BRST and co-BRST charges by some 



duality operation [14|. 



In this paper we give another example for a Hodge-type cohomological theory, but this 
time for a non-abelian gauge theory. More precisely, we consider a Witten type topological 
theory in D = 2 with an underlying Nt = 4 equivariant cohomology. This theory is obtained 
either by a topological twist of N = 8, D = 2 super- Yang-Mills theory (SYM) ]l5[ or by a 
dimensional reduction to D = 2 of the Nj> = 2 novel topological twist of N = 4, D = 3 SYM 
constructed by Blau and Thompson |jj~q| . The four nilpotent topological supercharges of that 
theory, denoted by Q a = (Q,Q) and *Q a = (*Q, *Q), a = 1,2, together with the generator 
G of the gauge transformations, obey the same kind of superalgebra as their counterparts in 
differential geometry, the de Rham cohomology operators d, 5 = ±* d* and A. More precisely, 
there exists an direct analogy between the two sets of cohomology operators and the two sets of 
symmetry operators of the topological theory according to the following assignments: 

d & Q d O Q 

S = -kd* *Q = *Q* S=-*d* & *Q = --kQ* (1) 

A = {d,5} & {Q 1 *Q} = G A = {d,5} o {Q, *Q} = -G. 

That is, the exterior and the co-exterior derivatives, d and 8, are related to the nilpotent 
topological shift and co-shift operators (Q, Q) and (*Q, *Q), respectively. Furthermore, it is 
shown that the analogue of the Laplacian A is the gauge generator G. This is due to the fact 
that for the Nt = 4 equivariant cohomology the anti-commutation relations of the topological 
superalgebra, {Q, *Q} = G and {Q, *Q} = —G, close only modulo the gauge transformation 
G = 25g(4>) generated by a Q a ~ and *Q a -invariant scalar field <f>. Moreover, it will be shown 
that the topological supercharges are interrelated by an exact discrete symmetry of that theory 
which may be interpreted as the corresponding duality (*) operation. 

The outline of the paper is as follows. In Section 1 we construct Nt = 4, D = 2 topological 
Yang-Mills theory (TYM) by performing, first, a dimensional reduction of iV = 1, D = 6 SYM 
to D = 2 and, afterwards, a topological twist analogous to the one used in constructing the 



Nt = 2 Blau-Thompson model in D = 3 [16|. In Section 2 we give a realization of the de Rham 
cohomology operators in terms of generators of the topological shift and co-shift symmetries. 
Furthermore, in Section 3, we show that they are related to each other by a discrete symmetry 
of the theory having the property of a Hodge-type duality operation. In addition, we give the 
transformation rules for the vector and co-vector supersymmetries. 

2. The topological twist of N = 8, D = 2 super— Yang-Mills theory 

In this section we construct the Nt = 4, D = 2 topological gauge theory with an underlying 
equivariant cohomology whose four supercharges Q a and *Q a , a = 1,2, together with the gauge 
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generator G obey the cohomological algebra ([!]). In order to get that theory we dimensional 
reduce and twist the N = 1, D = 6 SYM in the Euclidean space-time. Since the details of this 
procedure are straightforward, we will only focus on the relevant steps. 
The Euclidean action of N = 1, D = 6 SYM, 



S (N=1) 



J cfxtv{\F MN F MN + iXr M D M x}, 



is build up from an anti-hermitean vector field Am (M = 1, ... 6) and a complex chiral spinor 
A in the adjoint representation of the gauge group. This action is invariant under the following 
supersymmetry transformations: 

5 Q A M = f\T M e-ieT M \ 8 Q X = -\T m T n F MN e, 5 Q X = \eT M T N F MN , (3) 

e being a chiral spinor. For the 8-dimensional Euclidean Dirac matrices, {Tm,^n} = —^mn^-Si 
we choose the representation 

T m = -i ( p ° B 6 -^A B \ m = i, 2 ,3, a = 1,2, A=l,2, 

r .( -('m)a P 6 A B \ r _ .(6a P 6 A B \ 

3+m -{(* m )£6 A B o J' r? -"^ -feVj' 

where a m are the Pauli matrices. At the first sight this representation seems not to be well 
adapted to a 4+2 decomposition of the Euclidean space-time since it does not directly expose the 
2-dimensional Dirac matrices. But, let us shortly explain why nevertheless this representation 
is well suited for our purpose. After performing a dimensional reduction of N = 1, D = 6 
SYM to D = 3 the reduced action of N = 4, D = 3 SYM has a global symmetry group 
SU (2) e <S> SU (2) 7v <8> SU(2)r []T7j , SU(2) jv being the internal Euclidean symmetry group arising 
from the decomposition 50(6) — > SU(2)n <g> SU(2)e- The symmetry group SU(2)e is the 
Euclidean group in D = 3 and SU(2)r is the symmetry group of ./V = 1, D = 6 SYM. There are 
two essentially different possibilities to construct topological models with Nj> = 2 topological 
supercharges, arising from twisting N = 4, D = 3 SYM. The standard twist consists in replacing 
SU(2)e ® SU(2)r through is diagonal subgroup and gives the Nt = 2, D = 3 super-BF model 
|l8| . The second twist, which is intrinsically 3-dimensional, is obtained by taking the diagonal 
of SU (2) e ® SU (2) /v and leads to the Nt = 2, D = 3 novel topological twist introduced by Blau 
and Thompson []I6| . This model, which is the one of interest here, has certain unusual features, 
e.g., there are no bosonic scalar fields and hence there is no underlying equivariant cohomology. 

After dimensional reduction Am becomes the D = 3 dimensional complexified gauge field 
A^ ± iVa- The rather striking feature of this model is the strictly nilpotency of the twisted 
supercharges Q a = (Q, Q) even prior to the introduction of the gauge ghosts. Of course, it is 
not possible to identify Q and Q with the exterior and the co-exterior derivative, d and 5, since, 
by virtue of the relative nilpotency {Q, Q} = 0, the gauge generator G cannot be identified with 
the Laplacian A. But, by dimensional reducing the Nt = 2 novel topological model further to 
D = 2 the third components of A^ ± iV^ become scalar fields, ^3 + 1V3 = <f> and A3 — 1V3 = <j>, 
and, therefore, we reach a topological gauge theory with an underlying Nt = 4 equivariant 
cohomology. The twisted supercharges Q a = (Q, Q) and *Q a = (*Q, *Q) of this theory are 
nilpotent as before but the anticommutators {Q, *Q} = G and {Q, *Q} = —G where the gauge 
transformations G = 25g(<P) are generated by (p. Moreover, this theory turns out to be also 
invariant under a discrete symmetry inter-relating both, (Q, *Q) and (Q, *Q), by a duality 
operation according to (H), so that we have a perfect example of a Hodge-type cohomological 
theory. 
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The chiral spinor A = 277 A can be written as 

A=(Y)> ~^ = (0,\ aA ), a = 1,2, A =1,2, 

where the unconstrained, complex 4-spinors \ a A and X aA transform in the fundamental and 
their conjugate representation of 5 , f/(4), respectively. The spinor indices A are raised and 
lowered as follows, X A = e AB \b and \b = X a cab, with e Ac esc = & A b (and analogous for a). 
We further define 

A m ={a^, A 3 = i(0 + 0), A fl+3 = V fl , A & = \i{<t>-4>)}, n = l,2. 

As a next step, we suppose that no field depends on x 3 , • • • ,x e and decompose the action @ 
under the assumption of trivial dimensional reduction. Then, we obtain the reduced action of 
N = 8, D = 2 SYM, 

s (N=s) = J d 2 xti[\F^(A-iV)F^{A + iV) + \D^(A)V^D v (A)V v 
+ \D»{A)<j>Dp {A)4> + \ [V», 4>] [V^, <p] - | [0, 0] [4>, 4>\ 

- \ aC ^)c D DM)^D - fX aC (<r^ [V^ \pc] 

- |A aC (a 3 ) c D [<A + 4>, \*d] + |A aC (a 3 )/^ - 0, A^c]}, (4) 

where F^(A) = d^A^ + [A^Au] is the YM field strenght and D^A) = + [A^, ■ } the 
covariant derivative of the gauge field A^. Recalling that in the D = 2 dimensional Euclidean 
space-time there are no propagating degrees of freedom associated with A^. 

In order to get from (|j) a topological theory we perform the same twist as in Ref. 0], i.e., 
we identify the spinor index A with a, and decompose the twisted spinor fields as follows, 

Aab = ^{ e ABr] + {o^AB^n + (0"3) j 4bC}> 
- X AB = XJ^AB- + K)ab ^ + {a3 ) AB c}; 

here, r] a = [r], fj), ( a = (£, C) an d = (V7t> ^n) form SU (2)r doublets of Grassmann-odd scalar 
fields and ghost-for-antighost vector fields, respectively, SU(2)r being the internal symmetry 
group of the twisted action. Then, by making use of the following equalities, 

(o>)a (°v)cb = 5^ u eAB + i^ui^AB, /i = 1, 2, 
( (T m)a C '( "3)cB = -iCnv((T U )AB, (cT3)A C ( cr 3)cB = CAB, 

where e^ u , e^ p e up = 5^, is the anti-symmetric Levi-Civita tensor in D = 2, from (Q) we arrive 
at the twisted action of Nt = 4, D = 2 TYM we are looking for, 

5 (7V T=4 ) = J d 2 xiT {l F ^ {A _ iV)F ^ A + iV) + l(D»(A)V p D V {A)V V 

- ie^e ab ( a D^(A + iV)^ - e abV a D»(A - iV)^ 
+ \D»{A - iV)4> D^{A + iV)4> - li[(f>, $\D^{A)V^ 

- wtMhft - k^z^ir^l} + e ab mx b }}. (5) 

The internal indices a are raised and lowered as follows, (p a = e ab ipb and ipb = <p a £ a b, with e a &, 
£ ac £bc = being the invariant tensor of SU(2)r. 
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3. Realization of de Rham cohomology operators and Hodge operation 



We now want to show that the topological gauge theory constructed above is indeed an example 
of a Hodge-type cohomological theory. To begin with, it is convenient to cast the action (||) in 
the form 

S T = \ j d 2 xti\ie^BF IJLV (A - iV) - ie^BF^A + iV) - 4BB 

- 2ie^e ab ( a D fl (A + %V)ifo - 2e ab rj a D^A - iV)^ 

+ D^A^D^A)^ + [7", 4>][V„, 4>] - AYD»{A)V^ - AY 2 



te» v e ab 4>{^€} + 2e ab( p{7 1 a ,C b } ~ 4E^}, (6) 



where we have introduced a set of auxiliary fields, namely the Grassmann-even scalar fields B, 
B, Y and the Grassmann-even vector fields E^, E^. 

Then, the action @ can be rewritten as a sum of a topological BF-like term and a Q a -exact 
term, which bears a close resemblance to the Nt = 2 Blau-Thompson model in D = 3 §, 

S T = \j d 2 xti[ie^BF^{A - iV)} + \e ab Q a Q b X, Q a = N\ , 

with the gauge boson 

X = ~ j d 2 xtT{^(B + \ie^F^(A + iV))+iE^ + \e abV a V b y 

which is invariant under the following strictly nilpotent topological shift symmetry, 
Q a A fl = Q a E^ = 0, 

Q<% = Q a 4> = 0, 

Q a ( b = 2e ab B, Q a j) = 2( a , 

= _ 2it aby + l e ab^ ^ Q a B = ^ 

Q a ^ = 2e ab E fM + ie ab e^D»{A - iV)<f>, Q a B = [ V a , <f>], 

Q a Ep = ie^D u (A + %Y)<?-D^A-tV)Tf + ie^[ir,$], Q a Y = \i[C, 4>\- (7) 

Alternatively, since now the underlying topological symmetry is Nt = 4, the action (||) can be 
cast also in the following form, 

S T = ~\j d 2 xtr{ie^BF flu (A + iV)} + \e ab *Q a *Q b X, *Q a = f*^ , 

with 

X = - J d 2 xti[\4>{B - lie^F^A - iV)) + iE^ + \e ab ( a ( b }, 
which is invariant under the following strictly nilpotent topological co-shift symmetry, 

*Q a A (1 = -ie^™, *Q a E» = 0, 

*Q<% = e^ a , *Q> = 0, 

*QV = 2e ab B, *Q a 4> = 2r/\ 

*Q a ( b = -2ie ab Y - \e ab [4), $\, *Q a B = 0, 

*Q a ^ = 2ie ab e^E v + e ab D^A + iV)<f>, *Q a B = -[( a , </>], 

*Q a E tl = -D^A + iV)C + i^uD v (A - W)r? - $\, *Q a Y = -§i[rf, # (8) 
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This strongly suggest that both topological symmetries are related to each other by a discrete 
Hodge-type symmetry of the action St- To elaborate this suggestion from (||) it can be seen 
that St is indeed form-invariant under the following duality operation, 



■kST — St, 



(9) 



where the (*) operation is defined by 
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-ie^uE 



(10) 



By earring out two successive operations of (*) on the generic expression (p it has the property 

-if for <p = [tpf l ,( a ,V a ], 



*(*¥>) 



otherwise. 



Furthermore, by inspection of (0) and (JsJ) it can be easily verified that the topological su- 
percharges (Q, *Q) and (Q, *Q) are related to each other by the duality transformation ([l 
according to 



Q(<p) 

Q(*<p) 



-*Q<p 



k Qip = (*Q*)tp, 
"Qip = -(*Q*)ip. 



Hence, if St is invariant under the topological shift symmetry (0), due to the duality invariance 
(ph, it remains invariant under the topological co-shift symmetry (||) as well, 



QS T = 
QS T = 



"QS T = (*Q*)S T = 
k QS T = ~(*Q*)S T 



k QS T = o, 
: - *QS T = 0. 



Therefore, as anticipated by the scheme ([j]), the topological supercharges (Q,Q), (*Q, *Q) as 
well as the (*) operation can be actually identified with the cohomological operators d, 5 and the 
Hodge duality (*) operation, respectively. Moreover, by virtue of the anticommutation relations 



{Q, *Q} = 26 G (cf>), {Q, *Q} = -25 G ((f>) 



G = 2S G (<j>), 



where the symbol = means that the relations are satisfied only on-shell, i.e., by taking into 
account the equations of motions, and where the gauge transformations 5 G (to) are defined by 
5 g {uj)A^ = -D^{A)uj and 5 G (u)X = [cu,X], for X = (V^, ( a , if, 0, 1 B, B, E^ E^ Y), it 
follows that on-shell the gauge generator G can be identified with the Laplacian A. Let us 
notice, that (f> remains invariant under both Q a and *Q a , whereas the vector fields An — iV^ and 
A^ + iV^ are invariant only under either of the both supercharges, namely Q a in the former and 
*Q a in the latter case. 

Finally, let us notice that the action @ is also invariant under the following vector and 
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co-vector supersymmetries, 
Q ii-A-v = b pv r\ — i€f_u,(, , 

Q14> = o, 

Q a pV b = 2e ab E ii - ie ab e^D»{A + iV)4>, 
QlQ b = -2ie ab e^E» - e ab D^A - iV)$, 

Q a ^ b v = 2ie a % u B - 2e ab F flu (A) - 2ie ab D^(A)V u - 2ie ab 5 flu Y + \e ab 8^[4>, 0], 

Q a ^B = ie llu D»(A + iV)r ] a , 

Q%B = 2D^{A)C - ie^D v {A - iV) V a + ft, 

Q%K = 0, 

QIE V = D^{A + iV)i> a v ~D V {A + WW„ + S^D p {A - WW p - [8^( a + ie^rf 
Q a pX = iD^A - iV)rf + \^ V W\ 4>] 

and 



(11) 



*Q% b 
*Q a »v b 



o. 



-2ie^r a , 

-2ie ab e^E» + e ab D^A-iV)4>, 
2e ab E fl + ie ab e pv D u {A + iV)4>, 



QX = 2ie ab e pu B + 2e ab F pu {A) - 2ie ab e w e U(7 DP{A)V a - 2ie ab 5 pu Y - ^e ab 5 i 



ah 



1 „a6 j 



*QIB 



J flU I 



-D^A-iV)( a , 

-2ie pv D u (A)r, a + DJA + iV)r, a + [<, . 



Q^E V = 0, 

"Q^Ey = D p (A - iV)W ~ D V (A - %V)% + 6^D p (A + iV)^ a p ~ [<VC a + it^rf, > 
"QIY = e fMU D u (A + zV)C + \e^W a , 4>], 



(12) 



respectively. These symmetries, together with the topological shift and co-shift symmetries ([?]) 
and @, obey the topological superalgebra 



{Q a ,Q b } = 0, 
{Q a ,*Q b } = 2e ab 5 G (^, 
{*Q\ *Q b } = 0, 



{Q«,Ql} = 2ie ab e llu 5 G (0), 

{Qui Qu} 



{Q a , Q b } = 2e ab {d fl + 5 G (A p - iVj), 



{Q a , *Q b a} = -2e ab (d, + 5 G (A, - iV,)), 



VQ a ,Q b »] 



-2ie ab e^5 G {4>), 
2ie ab e pi/ 5 G (0), 

2ie a % 1/ (d» + S G (A v + iVn), 



2ie a % l/ (d» + 6 G (A» + iV)). 



Thereby, the vector supercharges and *Q a tl are related to each other by the duality operation 
(|io|) according to 



Qn 



with 
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It is worth mentioning that the form of the action (^) is completely specified by the topological 
shift symmetries (Q a , *Q a ) and the vector supersymmetries *Qu)i fixing all the relative 
numerical coefficients in (||) and, therefore, allowing, in particular, for a single coupling constant. 

In conclusion we remark that in a similar spirit one can study another topological twist of 
N = 16, D = 2 SYM, i.e., the dimensional reduction of N = 1, D = 10 SYM to D = 2, with an 
underlying Nt = 8 equivariant cohomology, respectively. It describes a topological gauge theory 



associated to Dl-branes on holomorphic curves in K3s [16]. By restricting to the Euclidean 
space-time this topological model provides other, but more involved example of a Hodge-type 
cohomological theory. The same model can also be obtained by a dimensional reduction of the 
Nt = 4 equivariant extension of the Blau-Thompson model |l{J to D = 2. 
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